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Abstract— Two novel Sigma-Delta modulator algorithms
based on second order sliding mode concepts for high resolution
analog-to-digital conversion purposes are proposed. Let fs be
the finite over-sampling frequency of the modulator, novel
schemes that convert to a 1-bit signal, resp., the first, or
the second time-derivative of the signal to be modulated are
suggested to reduce the error of the conversion process, at
the demodulation side, to an O(1/f2

s ) boundary layer, instead
of O(

√
1/fs ) of the traditional scheme. The algorithms are

discussed and analyzed in the discrete-time setting, and a com-
parison analysis illustrate the effectiveness of these solutions.

I. INTRODUCTION

The modern data-driven world demands efficient ways of
interacting with diverse physical environments in the so-
called Internet-of-Things (IoT) by means of smart sensors,
actuators, signal conditioning and analog-to-digital inter-
faces [1]. Since the performance of digital signal processing
is limited by the precision of the digital input signal, in recent
years, data compression and conversion tools have become
of great interest to researchers. Among different analog-
to-digital conversion (ADC) techniques, such as Pipeline,
Successive Approximation Register (SAR) and Sigma-Delta
(“Σ∆”, or Delta-Sigma, “∆Σ”), the latter covers most of the
market’s segments up to 40MHz applications, as shown in
Figure 1. Table I further shows pros/cons of these ADC
techniques, as well as their operating ranges [2].

Σ∆ techniques were introduced in the 40s as a simplified
Pulse Code Modulation (PCM). However, their effectiveness
were realized with the advancement of integrated circuit tech-
nologies [3]. In particular, their low cost, simplicity, and very
high precision due to noise-shaping properties make them
the best choice in mixed-signal applications to convert either
analog or digital signals to single-bit signals, thus not only
facilitating the integration on cheap hardware with limited
resources, but also reducing the cost of cables and inter-
faces [4]. Σ∆ are constantly and extensively studied in several
fields, e.g., in signal processing [5], communications [6],
networked control systems [4], and in power applications
to drive switching actuators and dc-dc converters [7].
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TABLE I
OPERATING RANGES AND FEATURES OF ADC TECHNIQUES [1].

ADC
Topology

Sample
Rate

Resolution
(bit)

Main Features
Pros (+) / Cons (−)

SAR ≤ 1.25Msps
≤ 4Msps

≤ 18-bit
≤ 16-bit

(+) low latency, low power,
good accuracy.
(−) cost, low speed.

∆Σ

≤ 4ksps
≤ 4Msps
≤ 10Msps

≤ 31-bit
≤ 24-bit
≤ 16-bit

(+) resolution, compression,
moderate cost, low power.
(−) delay, latency.

Pipeline
≤ 200Msps
≤ 250Msps
≤ 550Msps

≤ 16-bit
≤ 14-bit
≤ 12-bit

(+) speed and bandwidth.
(−) cost, resolution, delay,
latency, power consumption.

Fig. 1. ADC architectures, applications, resolution, and sampling rates [2].

From a control perspective a Σ∆ modulator (Σ∆-M), whose
traditional implementation in the discrete-time setting is
given in Figure 2, can be understood as a Sliding Mode-based
Control (SMC) systems, in which the sliding manifold “s” is
the argument of the 1-bit quantizer element, i.e., 2 quantized
levels. Connections between SMCs and Σ∆-Ms were firstly
discussed by Sira-Ramı́rez in [8]. There, performance of
∆-, Σ∆-, and Exponential Σ∆-Ms, was analyzed under the
infinite sampling frequency assumption. Conditions for the
existence of Quasi-SMC (Q-SMC) regime in discrete-time ∆

controlled, linear, stable system were outlined in [9]. A step
beyond is the work in [10], there it was shown that ZOH
discretization of the equivalent control of a SMC system
gives rise to a ∆-modulation in the Utkin sense. More re-
cently in [11], taking the advantages of the results in [12] for
the switched implementation of average designed feedback
laws, conditions for the existence of the equivalent mode, i.e.
where the modulator’s outputs are ideally equivalent to the
inputs [13], are derived by using concepts of Q-SMCs [14]. It
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is worth to note that, all the reviewed works, share the same
first-order SMC implementation given in Figure 2. Thus,
they provide the same conversion’s error, that lies within
an O(1/ fs) boundary layer of the sliding manifold, whose
value coincides with chattering amplitude due to the finite
switching frequency “ fs” or real SMCs [13].

Although this, we point out that the 1-bit conversion
process is not only affected by errors due to the chattering
phenomenon, but it is also affected by errors introduced at
the demodulation site. In particular, since a low-pass filter
is required to extract the “equivalent information” of the
switching signal (see e.g. Figure 2), then errors proportional
to O(

√
fs ) need to be also taken into account [15].

Main result: In this paper we propose two novel discrete-
time Σ∆-Ms based on the Suboptimal Second-order SMC
(2-SMC) [15] that allow to reduce the conversion error, due
to the finite switching frequency, to a boundary layer of
the sliding surface that is an order of O(1/ f 2

s ) (instead of
O(1/ fs) of the current state of the art). Furthermore, the
proposed methods completely remove the error due to low
pass filtering at the demodulation side, that is proportional
of an O(1/ fs). In particular, by adopting schemes to convert
to a 1-bit signal, resp., the first, or the second time-derivative
of the signal to be converted, at the demodulation side the
original signal can be obtained by a cascade of integrations
processes, that do not introduce errors. Follows that the error
at the demodulation side remain an O(1/ f 2

s )�O(
√

1/ fs ).
For the sake of completeness, we remark that, although

the proposed scheme considerably increase the resolution
of the conversion process, higher gains in the Σ∆ convert-
ers should be used, to track the derivatives of the signal.
However, since we are considering software-based discrete-
time implementations, this is not a practical problem. On the
contrary, since the magnitude of the boundary layer depends
on the magnitude of the discontinuous gains, a compromise
between the bandwidth of the signal to be converted and
precision to be achieved is necessary.

Paper organization: In Section II preliminaries on the
Suboptimal 2-SMC algorithm are given in the discrete-
time setting. In Section III a novel performance analysis
of the traditional Σ∆-M implementation in the discrete-time
setting is given. In Section IV the proposed high resolution
Σ∆ implementations are illustrated and their performance
discussed. In Section V some numerical simulations and
a comparison analysis with the traditional Σ∆ scheme are
discussed. Finally, Section VI provides concluding remarks
and outline next directions for future research.

II. PRELIMINARIES ON SUBOPTIMAL 2-SMC

Consider the nonlinear second-order dynamical system

ṡ(t) = ω(t)
ω̇(t) = φ(s,ω, t)+γ(s,ω, t) ·u(t) (1)

where φ : R2×R 7→ R and γ : R2×R 7→ R are uncertain
functions satisfying standard boundedness conditions, i.e.,
‖φ(s,ω, t)‖∞ ≤ Φ ∀ s,ω, t ∈ R and 0 < Γmin ≤ γ(·, t) ≤
Γmax, and u :R+→R is the control input. The “Suboptimal”

2-SMC is a well known algorithm within the robust control
community because it solves the stabilization problem for (1)
in finite-time, by exploiting information only on the sliding
variable s, see [16], [17] for details. Its continuous-time
representation is

u(t) =−U · sign(s(t)−β ·ssp), U >
Φ

Γmin
, β ∈ [0,1) (2)

where β is the “anticipation factor”, usually chosen such that
β = 1/2, and ssp is the most recent “Singular Point” of the
sliding variable s(t) (i.e., the value of s, at the most recent
time tsp : ṡ(tsp) = 0). An estimation of ssp can be achieved
by simply inspecting the sign of the first backward difference
approximation of ṡ, as follows

sign(ṡ(t))≈ sign(s[k]−s[k−1]), (3)

where Ts = 1/ fs > 0 is the measurement interval, and s[k] =
s(kTs) = s(t), t ∈ [kTs, (k+ 1)Ts). From [18], it follows that
(2) with the approximation (3) steers the variable s to zero in
finite-time with an O(T 2

s ) accuracy. Discrete-time versions of
algorithm (2) are proposed in [15], [19], and [20], resp., for
control and derivative estimation purposes. Let γ(s,w, t) =
1, problem (1)-(2) can be directly discretized by using the
first forward differences as follows

s[k+1] = s[k]+Ts ·ω[k] (4)
ω[k+1] = ω[k]+Ts · (φ[k]−U · sign(s[k]−βssp)). (5)

From a similar analysis to that of [20, Section 3], it
yields that the discrete-time trajectories of system (4)-(5)
will establish a Q-SMC regime such that they provides the
fulfilment of |s[k]| ≤ ε1 ·O(T 2

s ), |ω[k]| ≤ ε2 ·O(Ts) in finite
time, if U is chosen to dominate φ(·, t), i.e., U =Φ, and the
estimation of ssp are evaluated according to Algorithm 1.

Algorithm 1 Approximate digital peak-detector [15].
Initialization:

s[−1] = ssp[−1] = s(0), s[−2] = 0, i =−1, k = 0
Λ[k] = (s[k]−s[k−1]) · (s[k−1]−s[k−2])

Repeat:

if Λ[k]≤ 0 then

 i = i+1
kspi = k−1
ssp = s[kspi ]

III. PERFORMANCE ANALYSIS OF Σ∆ MODULATOR

A block diagram of a first-order Σ∆-M, followed by a low-
pass filter and a digital decimator for demodulation purposes
is shown in Figure 2. From a control perspective the Σ∆-M
can be viewed as a feedback-based tracking control system
where x[k] = x[kTs], t ∈ [kTs,(k+ 1)Ts) is the output of a
ZOH filter which takes as input the reference to be tracked
x(t), Ts is the sampling period, k ∈ Z, whereas yd[k] is the
1-bit modulator’s digital output. Notice that the signal that
is quantized is not the reference x[k] but the integral of the
error between the x[k] and an analog representation, y[k],
of the quantized output yd[k]. If the DAC is ideal, it can
replaced by a unity gain. Then, let the 1-bit quantizer be
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Fig. 2. Block of a first order Σ∆ modulator A/D system [3].

bipolar, and let K be a finite gain, the 2-level quantized
output satisfies yd[k]∈{−K,+K}. The resulting closed loop
dynamic for the Σ∆-M in Figure 2 is

s[k+1] = s[k]+Ts · (x[k]−K · sign(s[k])) (6)

where s[k] is the internal state of the discrete integrator. In
the remainder, the following assumption on x is in force.

Assumption 1: Let x(t) be the signal to be quantized,
X( f ) be its spectrum, and let x[k] = x(kTs) be the sampled
representation of x(t). We assume that there exist two known
positive constants X and Bx, such that x is bounded in
magnitude x[k]≤X , and spectrum X( f ) = 0 ∀ f >Bx.�

Theorem 1: Consider the Σ∆ modulator of Figure 2.
Given a bounded signal x[k], satisfying Assumption 1 and let
K>X . Then, the closed loop switched system (6), from any
arbitrary initial value s[0], exhibits a quasi-sliding motion
and the switching manifold s[k] converges to an O(Ts)-
boundary layer after a finite number of steps.

Proof of Theorem 1: Let us consider the following pos-
itive definite, discrete-time Lyapunov function

V (s) = (s[k])2. (7)

According to the Lyapunov stability paradigm for discrete-
time systems, we are going to study under which conditions
V (s) has contraction along the trajectories of system (6). Let
us first compute

∆V (s) = (s[k+1])2− (s[k])2

= T 2
s · (x[k]−K · sign(s[k]))2 (8)

+2Ts · (x[k]−K · sign(s[k])) ·s[k]

by solving ∆V (s) < 0 w.r.t. s[k], and reminding that K
dominates the time-varying reference signal x[k], it follows
that the V (s) is contractive outside the invariant set

Θ =

{
s[k] : |s[k]| ≤ (K+X)2

2(K−X)
·Ts

}
. (9)

We point out that inside the invariant set Θ, it yields s[k]≤
ε3 ·O(Ts), ε3 ∈R+. Thus, the trajectories of s[k] may deviate
from the manifold s[k] = 0 with an O(Ts) error. Notice that,
as expected, (6) produces the “zig-zag motion” typical of
sampled-data Q-SMCs, due to the chattering. �

Let us known focus our attention at the demodulation
side of Σ∆-M in Figure 2. It can be noted that, in order
to reconstruct x[k], before the digital decimation process, a
low pass filtering process is done, with the aim to extract

the slows averaged components, yav[k] associated with the
discontinuous signal yd[k]. Assumed the dynamics of the
low-pass filter be as follows

yav[k+1] = e−
Ts
τ ·yav[k]+

(
1− e−

Ts
τ

)
·yd[k] (10)

yav[0] = yd[0] =K · sign(s[0]), k = 0,1,2, . . . (11)

the following theorem quantify the accuracy to be expected
at the demodulation side of the Σ∆ conversion process.

Theorem 2: Let us assume the hypotheses of Theorem 1.
Let (10)-(11) be equations describing the digital low-pass
filter at the demodulation side of the Σ∆ modulator in
Figure 2. Once system (6) is in quasi-sliding mode regime,
then signal x[k] can reconstructed with a O(

√
Ts ) precision.

Proof of Theorem 2: Let us first note that, from a SMC’s
perspective, the low-pass process at the demodulation side
of the Σ∆ system in Figure 2 corresponds to the online
evaluation of the so-called “equivalent control” [13], i.e.,
that “ideal” continuous signal yeq that, if replaced to the
discontinues term and under the infinite switching frequency
assumption, can establish the following condition

[s(t) = ṡ(t) = 0]≡ [s[k+1] = s[k] = 0].

According to [13], yeq is the solution of the algebraic
equation s[k + 1]− s[k] = 0 w.r.t. the discontinues term.
Here, from (6), it results that

yeq : Ts ·
(
x−K ·yeq

)
= 0⇒K ·yeq ≡ x. (12)

In the literature, the problem of quantify the accuracy of
the on-line computation of the equivalent control when the
system motion is confined within a boundary layer of the
sliding manifold s= 0 (as in (9)), was firstly studied in the
continuous-time setting by Utkin in [13, Chapter 2.4]. There,
provided that s and ṡ remains within a O(Ts) vicinity of zero
of magnitude D= ε3 ·O(Ts), and that a certain small known
constant M is available such that, in a neighborhood of the
sliding manifold

∣∣yeq− ṡ/K
∣∣ ≤M . Let yav be state of a

continuous-time first-order filter

τ · ẏav(t)+yav(t) =K · sign(s(t)) (13)

and by neglecting exponentially vanishing terms, it results
that (see [13, Chapter 2.4] for details):∣∣yav(t)−yeq(t)

∣∣≤M · (τ +D)+
3MD

τ
. (14)

Noticed that (14) can be minimized if the time constant τ

of (13) is coordinated with the width of the area D where
Quasi-Sliding Mode takes place. By solving (d/dτ)(M ·(τ+
D)+3MD/τ) = 0, it yields τ =

√
3MD , which leads to∣∣yav(t)−yeq(t)

∣∣≤ ε4 ·
√

Ts + ε5 ·Ts ≤ ε6 ·
√

Ts (15)

where ε4, ε5 and ε6 are proper positive constants, and Ts is
sufficiently small such that the high frequency components
of yd[k] do not overlap with the spectrum of x(t) in (12).

Let us now note that, since the input to the filter (13)
is piecewise constant between subsequent samplings, thus
it can be discretized, without any error as in (10)-(11).
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Fig. 3. Proposed First-order Differentiator-based Σ∆ ADC scheme.

Fig. 4. Proposed Second-order Differentiator-based Σ∆ ADC scheme.

Thus, it yields that (15) is still in force. Finally, since
the down-sampling process ahead of the low-pass filter in
Figure 2 simply re-adapt yav ≡ x + ε6 ·O(

√
Ts ) to the

original sampling rate of the reference x, then no further
errors are introduced. This conclude the proof. �

IV. PROBLEM FORMULATION AND MAIN RESULTS

From the performance analysis provided in Section III, the
following facts are emerged:
• From Theorem 1: The maximum accuracy of the Σ∆

A/D system during the 1-bit conversion is ∝ O(Ts);
• From Theorem 2: The maximum expected error during

the demodulation process of yd[k] to reconstruction the
reference signal x[k] is ∝ O(

√
Ts ) >O(Ts).

Moreover, since the analysis provided in Theorem 2 takes
into account also the error due to the 1-bit conversion, we
conclude that the maximum overall error expected by the
traditional Σ∆ ADC process is, at least, within an O(

√
Ts ).

In the following we will present two novel Σ∆ modulator
schemes able to reduce the error of the whole 1-bit con-
version process up to an O(T 2

s ) boundary layer. Both these
schemes, shown resp. in Figure 3 and Figure 4, are inspired
to concepts of feedback-based derivative estimation [20] and
take the advantages from the digital Suboptimal 2-SMC
introduced in Section II.

A. First-order Differentiator-based Σ∆ Modulator

Consider the block diagram shown in Figure 3. The result-
ing closed loop dynamic for the First-order Differentiator-
based Σ∆ Modulator (FD Σ∆-M) is given below

s[k+1] = s[k]+Ts · (x[k]−q[k]) (16)
q[k+1] = q[k]+Ts ·U · sign(s[k]−βssp) (17)

Let w[k] = x[k]−q[k] and ∆x[k] = x[k+1]−x[k], and
by adding and subtracting x[k] in (17), the discrete-time

model (16)-(17) can be reformulated as follows

s[k+1] =s[k]+Tsw[k] (18)
w[k+1] =w[k]+Ts · (ẋ[k]−U · sign(s[k]−βssp)) (19)

where ẋ[k] = ∆x[k]/Ts can be thought as a first forward dif-
ference approximation of dx(t)/dt. Let 2Bx be the Nyquist
Frequency for signal x, we firstly remind that Σ∆ modulators
use to operate with very high over-sampling ratio [3], e.g.,

fs = T−1
s > 2n · (2Bx) with n > 5. (20)

Thus, from (20) and by noticing that from Assumption 1
|x| ≤ X and that it has a limited bandwidth Bx, we have
that also the spectrum of ẋ(t)≡ ẋ[k]|Ts→0 satisfies Ẋ( f ) =
0 ∀ f > Bx. Since according to (20) the high-frequency
components of the 1-bit term in (19) do not overlap with the
spectrum Ẋ( f ), we can state the following upper-estimation

|ẋ[k]| ≤ ‖ẋ[k]‖∞ ≤ ‖x‖∞ · (2πBx) =X · (2πBx). (21)

Let us now note that system (18)-(19) mets the structure
of system (4)-(5). Thus, let U be chosen as in Section II,
such that K > ‖ẋ[k]‖∞ =X ·Bx., then s[k] will converges
within an O(T 2

s ) boundary layer in finite-time.
Finally, by exploiting Equivalent Control’s concepts [13],

it further results that the 1-bit output of the FD Σ∆-M scheme
in Figure 3 encodes the information of the time-derivative of
the reference signal x(t), i.e.,

yd ≡ ẋ[k] =
x[k+1]−x[k]

Ts

∣∣∣∣
Ts→0

≡ dx(t)
dt

. (22)

Moreover, since yd[k] ≡ ẋ[k], then the low-pass filtering
process needed at the demodulation side of the traditional
Σ∆-M scheme in Figure 1 is no more required. Here, to
demodulate the original signal x[k], we can simply integrate
yd[k] as in Figure 3. Since both the discrete-time integration
process and the down-sampling process at the demodulation
side of the scheme in Figure 3 are errorless computation
processes, the proposed scheme allow to reduce to an O(T 2

s )
the precision of the whole ADC process, with respect to the
traditional schemes, i.e., O(T 2

s )�O(
√

Ts ).

B. Second-order Differentiator-based Σ∆ Modulator

Consider the block diagram shown in Figure 4. The result-
ing closed loop dynamic for the Second-order Differentiator-
based Σ∆ Modulator (SD Σ∆-M) is given below

q[k+1] = q[k]+Ts ·r[k] (23)
r[k+1] = r[k]+Ts ·U · sign(s[k]−βssp) (24)

where s[k] = x[k]−q[k]. Thanks to (23) we compute

s[k+1] = x[k+1]−q[k]−Ts ·r[k]. (25)

Let ∆x[k] = x[k+ 1]−x[k], and let, in accordance with
(30), ẋ[k] = (∆x[k]/Ts). By the change of variable w[k] =
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(∆x[k]/Ts)−r[k] = ẋ[k]−r[k] and by adding and subtract-
ing, resp., x[k] to the right-hand side of (25), and ẋ[k] to
the right-hand side of (24), it yields

s[k+1] =s[k]+Ts ·w[k] (26)
w[k+1] =(∆x[k+1])/Ts−r[k+1]

=ẋ[k+1]−r[k]−Ts ·U · sign(s[k]−βssp)
=w[k]+Ts · (ẍ[k]−U · sign(s[k]−βssp)) (27)

where

ẍ[k] =(ẋ[k+1]− ẋ[k])/Ts = (∆x[k+1]−∆x[k])/T 2
s

=(x[k+2]−2x[k+1]+x[k])/T 2
s (28)

Then, analogously with Section IV-A, thank to Assump-
tion 1, the over-sampling condition (20), and relation (21),
we can upper-estimate ẍ[k] as next

|ẍ[k]| ≤ ‖ẍ[k]‖∞ ≤ ‖ẋ[k]‖∞ · (2πBx) =X · (2πBx)2. (29)

Let us now note that, after the previous manipulations, the
SD Σ∆-M in (23)-(24) mets the (4)-(5), cfr. with (26)-(27).
Thus, let K>X · (2πBx)2, according to Section II, s[k] will
converges in finite-time within an O(T 2

s ) boundary layer.
Finally, by exploiting Equivalent Control’s concepts [13],

it further results that the 1-bit output of the SD Σ∆-M scheme
in Figure 4 encodes the information of the second time-
derivative of the reference signal x(t), i.e.,

yd ≡ ẍ[k] =
x[k+2]−2x[k+1]+x[k]

T 2
s

∣∣∣∣
Ts→0

≡ d2x(t)
dt2

.

(30)
Thus, also the SD Σ∆-M scheme does not need to the

low-pass filtering process at the demodulation side, cfr.
Figure 2 and Figure 4. Thus, to demodulate x[k], we can
simply integrate twice yd[k] as in Figure 4. Since both the
integrations process and the down-sampling processes at the
demodulation side of the scheme in Figure 3 are errorless
computation processes, follows that also the SD Σ∆-M may
reduce to an O(T 2

s ) the precision of the whole ADC process,
w.r.t. the traditional scheme, i.e., O(T 2

s )�O(
√

Ts ).
Remark 1: The proposed schemes reduce not only the

boundary-layer of the error associated with the Σ∆ conver-
sion to an O(T 2

s ), instead of O(Ts) for the traditional scheme,
but they provide also an improvement in terms of accuracy
at the demodulation side. There, the error in demodulation
is reduced to an O(T 2

s ), instead of O(
√

Ts ). However, since
the size ε1 and ε6 of these boundary layers depend on the
magnitude of the discontinuous gains K in (17) and (24), and
both the proposed scheme requires high gain, is reasonable
that a compromise between the bandwidth of the signal to
be converted and precision to be achieved must be found. �

V. SIMULATION RESULTS

Hereinafter the accuracy features of the proposed FD Σ∆-
M scheme in Figure 3 and the SD Σ∆-M given in Fig-
ure 4, are compared with that of the traditional imple-
mentation in Figure 2. Simulations were performed in the
MATLABr/Simulinkr environment by using the “ode1”

TABLE II
PARAMETERS FOR THE THREE Σ∆ IMPLEMENTATIONS UNDER TEST

Σ∆-M FO Σ∆-M SO Σ∆-M
(6),(10),(11) (16),(17) (23),(24)

fs 512kHz 512kHz 512kHz
K X +ε X · (2πBx)+ε X · (2πBx)2 +ε
β − 0.5 0.5
τ 5.134×10−5s − −

(Euler) integration method. The use-case considers the 1-
bit high-resolution ADC process in the Voice-Frequency
band, i.e., in the range [0÷ 4kHz]. Let Bx = 4kHz be the
highest component frequency allocated for a single trans-
mission channel including guard bands, the corresponding
Nyquist sampling frequency is twice, i.e., 8kHz. For the
three implementations: a) According to the noise-shaping
paradigm we select a high over-sampling ratio, equal to 64,
i.e. n= 6 in (20), thus fs = 512kHz, Ts = ( fs)−1≈ 2µs; b) The
DACs in Figures 2, 3 and 4 have been assumed to be ideal
for simplicity, and thus replaced by a unity gain; c) The
decimation processes at the demodulation side have been
implemented by a cascade of three FIR Decimation stages
available in DSP System Toolbox™. Each stage reduces the
sampling rate by a factor of four, thus the at the demodulation
side the sampling rate back to 8kHz. The latency of each
stage is of 16 samples.

The reference input x(t) considered for the tests is a re-
verse sawtooth wave of frequency 200Hz. To avoid aliasing,
the Fourier series of x(t) is truncated at the 15-th term as

x(t) =
2
π
·

15

∑
`=1

(−1)` · sin((2π f · t) · `)
`

(31)

From (31), and in accordance with Assumption 1, x(t) is
a bounded signal, with a bounded bandwidth, such that

|x(t)| ≤ ‖x‖∞ =X = 1.1158 (32)
X( f )≤= 0 ∀ f > 15 ·200Hz = 3kHz >Bx. (33)

The behavior of the signal x[k], down-sampled at 8kHz, is
depicted in Figure 5. Let ε= 1, the parameters for the three
Σ∆ implementations under test are provided in Table II.

In Figure 6 the output variable at the demodulation side
for the three implementations under test in, resp., Figure 2, 3
and 4, are displayed. Notice that a latency is evident for all
the structures, cfr. with Figure 5, however this phenomenon
is due to the delays introduced by the decimation stages. The
latency in a known problem in Σ∆ techniques as highlighted
in Table I.

In Figure 7 is shown the conversion error at the demodula-
tion side after having compensate the latency on signal x[k].
It is evident that the two novel schemes provide a better
accuracy w.r.t. to the traditional scheme.

Finally, in Figure 8 is shown the temporal behavior of the
1-bit (2 symbols) output yd[k] for the three Σ∆ implementa-
tions. Since the three ADCs converts different information,
thus their output are different. We further note that the new
schemes use to switch less frequently w.r.t. the traditional
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Fig. 5. Actual behavior of the signal x[k] down-sampled at 8kHz.
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Fig. 6. Actual behavior of the Σ∆ modulators’s output, at the demodulation
side, down-sampled at 8kHz.
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Fig. 7. Actual behavior of the accuracy error e[k], at the demodulation
side, down-sampled at 8kHz.
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Fig. 8. Temporal behavior of the 1-bit output yd[k] of the three Σ∆

implementations at 512kHz of sampling rate.

scheme. Further studies will be devoted to better understand
this phenomenon.

VI. CONCLUSIONS

Here two novel Σ∆-Ms that may reduce the error associ-
ated with the 1-bit conversion process to an O(T 2

s ) boundary-
layer, instead of O(Ts) for the traditional scheme, and that
also provide better accuracy at the demodulation side, to an
O(T 2

s ) instead of O(
√

Ts ), were presented.
Further researches will be devoted to better characterize

the features of these schemes in terms accuracy, in both the
time and the frequency domain, and to study their noise-
shaping capabilities. Further direction for next activities
consist to evaluate their application in noisy environments
where a compromise between the over-sampling frequency,
the bandwidth of the reference signal, and thus the magnitude
of the discontinuous terms is needed to achieve optimality
in the 1-bit conversion and transmission process.
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