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ABSTRACT Identifying the dynamic model of a system has been a subject of extensive research for decades.
However, dealing with highly complex, possibly nonlinear, and noisy systems remains an open problem.
In recent years, the use of data-driven techniques based on machine learning for system identification has
represented a promising solution for addressing the challenges of complex system identification. Among
these methods, auto-encoders have been successfully applied to compactly represent the system state in a
latent space used for estimating the system dynamics. In this work, we propose leveraging the ensemble
paradigm for system identification, and in particular to exploit an ensemble of autoencoders, to reduce
the uncertainty compared to individual autoencoders. To this end, we propose an algorithm for selecting
autoencoders based on a combination of an accuracy metric and a diversity index. We validate this approach
using traditional benchmarks in the field of nonlinear system identification.

INDEX TERMS Nonlinear system identification, data-driven analysis, ensemble learning, autoencoders.

I. INTRODUCTION
Knowing or identifying the system model is an essential
step in accomplishing most tasks involving the system.
For instance, it is necessary to implement effective control
strategies, monitor, detect possible failures, and optimize
performance. Traditional methods for System Identification
(SI) are based on defining mathematical models [1]. Among
these methods, there are:

• Volterra series methods [2], which consist of functional
expansions used to represent nonlinear systems.

• Block-structured systems [3], which are based on
interconnected blocks, where each block represents a
subsystem that can be linear or nonlinear.

• NARMAX (Nonlinear AutoRegressiveMovingAverage
with eXogenous inputs) [4], [5], which can capture
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both linear and nonlinear relationships between inputs,
outputs, and noise.

• Stochastic nonlinear models [6], which include stochas-
tic behavior in the model structure to account for
uncertainties and noise.

In recent years, advances in machine learning (ML)
techniques, particularly deep learning methods, along with
the availability of large amounts of data [7], [8], [9] and
high computational power, have significantly expanded the
use of ML approaches in SI. These exploit data obtained
from experimental observations of the system to directly infer
models and relations, potentially capturing nonlinearities,
uncertainties, and disturbances that can be present in the
system, which might be difficult to capture with classical
approaches for SI. Furthermore, ML methods generally
provide good scalability, facilitating the identification of
large-scale or high-dimensional systems [10], [11], [12].
In addition, they potentially offer adaptability features [13],
[14], [15], allowing the identified model to adjust to
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environmental changes, the time-evolving nature of the
systems, or intentional modifications when provided with
sufficient or new data. Hence, ML techniques have paved
the way to achieving a comprehensive understanding of real-
world complex systems [16], [17] in various fields of science
and engineering, such as robotics, economics, and biology.

However, for the successful application of ML methods
in system identification, it is crucial that these techniques
produce consistently robust and reliable results. Failure to
do so may compromise the effectiveness and safety of
downstream processes that rely on the identified model.
Thus, the ensemble paradigm [18] can be leveraged. More
specifically, the goal of ensemble learning is to train
multiplemodels and properly combine them to achieve higher
accuracy and robustness than individual networks [19], [20].
The core concept is that having an ensemble of networks
allows for leveraging the outputs from some networks to
compensate for any potential failures in one or more of
them. To achieve this, a certain degree of diversity inside the
ensemble is necessary, as discussed in [21], [22], and [23].

Despite the general benefits provided by the ensemble
paradigm, only a few studies exist in the literature that exploit
it for system identification purposes, as reported in the next
section. In this context, an ensemble of ML-based models
can be used to learn diverse representations of the underlying
dynamics of the system from its input-output data, and
these can be effectively combined to enhance identification
accuracy and robustness. Motivated by these considerations,
in this study, we propose to combine multiple autoencoder-
based models in an ensemble for SI and design an algorithm
for performing model selection based on accuracy and
diversity metrics. Numerical results on standard benchmarks
corroborate the proposed ensemble architecture.

II. RELATED WORKS AND CONTRIBUTION
In this section, we review relevant studies focusing on
ML-based system identification. Different ML approaches
have been applied to this task, ranging from deep learning
models to autoencoders. In this regard, Chiuso and Pillonetto
discussed in [24] the intersection of SI and machine learning
and reviewed state-of-the-art approaches for SI based on
reproducing kernel Hilbert spaces (RKHSs), devising a robust
framework for both linear and nonlinear SI.

Deep neural networks were employed in [25] to identify
nonlinear systems in combination with restricted Boltzmann
machines. Restricted Boltzmann machines were used to pre-
train the hidden layers of the neural network by learning an
initial weight configuration. Then, the deep neural network
was trained using the input-output pairs from the system to
be identified. The authors demonstrated that their framework
allows a deep neural network to achieve improved system
identification results.

Convolutional Neural Networks (CNNs) have also been
applied in the context of SI, for example, in [26] and [27].
In more detail, the authors of [26] resorted to a CNN to
handle the temporal sequence of system measurements for

identification. Remarkably, they analyzed analogies with
traditional approaches to SI, such asVolterra series and block-
oriented models, and presented numerical simulations based
on benchmarks in the field of SI by comparing their CNN
model with Multilayer Perceptron (MLP) and Long Short-
Term Memory (LSTM) networks. In [27], CNNs were used
for SI purposes in the field of structural health monitoring,
demonstrating the validity of learningmethods to estimate the
dynamic response of various systems of interest in structural
engineering.

With regard to autoencoders for SI, Masti and Bem-
porad [8] were among the first to adopt autoencoders
to learn nonlinear state-space models, demonstrating their
ability to capture complex system dynamics. Their goal is
to identify this type of dynamic model from input/output
data. The proposed framework simultaneously identifies the
nonlinear output and state functions. The study in [5] was
based on the integration of variational autoencoders (VAE)
and Nonlinear autoregressive exogenous (NARX) methods.
In their approach, the decoder was replaced with a NARX
module taking the latent space vector from the VAE as input,
along with previous inputs and outputs of the system to
identify. The study in [28] used an encoder-based model
to handle noise and ensure computational efficiency. Their
method consists of selecting multiple truncated subsections
from the time series used to train the model, computing a
loss function for each subsection, and averaging the loss
over these sections. The combination of an autoencoder with
linear recurrent dynamics was explored in [9]. The proposed
method addressed the trade-off between representational
capacity and overfitting, providing a balanced approach for
model reduction and accurate dynamics learning. Finally,
the work in [17] compared various deep learning techniques
for nonlinear SI, including autoencoders, Recurrent Neural
Networks (RNNs), and a combination of both.

However, all the above methods resorted to individual
models for SI. Only a few contributions are available in
the literature that resort to the ensemble paradigm for SI.
In particular, Ribeiro et al. [29] introduced an SI framework
based on four different ML models, partial least squares,
support vector machine, boosted generalized linear model,
and weighted k-nearest Neighbors, all combined via a
boosted linear meta-learner. Negrini et al. [14] proposed
a neural network ensemble technique for SI. Specifically,
multiple feed-forward neural networks were used to obtain
different representations of the state, and are then combined
through an interpolation network. These approaches have
demonstrated the potential of ensemble techniques in SI.

A. CONTRIBUTION
The main contribution of this study is the introduction
of an ensemble learning method for nonlinear SI using
autoencoder architectures. In addition, by building on the
work in [8], which considers individual autoencoder models
for SI, we propose to combine multiple models in an

169072 VOLUME 13, 2025



N. Arridu et al.: On Ensemble Learning Models for Autoencoder-Based Identification

ensemble to improve the identification accuracy. Further-
more, we introduce an algorithm to select the models for
inclusion in the ensemble based on an accuracy metric.
We validate the proposed approach using two two-tank and
the Hammerstein-Wiener SI problems.

As briefly mentioned before, to the best of the authors’
knowledge, only the works in [14] and [29] leveraged
ensemble learning techniques in the context of nonlinear SI.

The study in [14] used ensembles of feed-forward neural
networks, where each network takes as input the state of the
system at a given time and outputs the state at the next time
instant. Then, the networks are combined via an interpolation
network providing an approximation of the dynamics of the
system, without resorting to latent representations of the state,
as in our case. While well-suited for static scenarios, feed-
forward neural networks are potentially less effective when it
comes to dealing with dynamic structures.

Ribeiro et al. [29] considered an ensemble of four
models: partial least squares, support vectormachine, boosted
generalized linear model, and weighted k-Nearest Neighbors.
These models were then stacked with a meta-learner trained
on the prediction of the base learners. Their results showed
better accuracy from the ensemble with respect to the base
components. A drawback of their approach was the necessary
feature engineering, including explicit selection of lagged
inputs. Moreover, no selection of the base learners, to discard
the poorly performing ones, was realized, and the base
learners did not learn a latent representation of the state.

Compared to these papers, we resort to more advanced
ML techniques, such as autoencoder-based models. These
architectures allow to learn latent representations of complex
nonlinear systems and the respective dynamic model. More-
over, with respect to both papers, we introduce an algorithm
to select the most convenient components of the ensemble,
identifying whichmembers of the ensemble are more suitable
for the ensemble by balancing performance and diversity.

III. PRELIMINARIES
Let us consider a discrete-time n-dimensional systemwith the
following nonlinear dynamic model:

xk+1 = f (xk , uk ), x ∈ Rnx , (1)

yk = g(xk ), y ∈ Rno , (2)

where xk ∈ Rnx is the system state, yk ∈ Rno is the output of
the system, and uk ∈ Rnu is the system input. The functions
f : Rnx −→ Rnx and g : Rnx −→ Rno are assumed to be
unknown. The goal of system identification is to elaborate on
the representation of these two functions.

A. NOTATION FOR SINGLE AUTOENCODER
As previously mentioned, we utilize neural network architec-
tures commonly called autoencoders [30]. They are generally
used for unsupervised learning tasks, including SI, and allow
the learning of a compact representation of the input data.
Briefly, an autoencoder consists of an encoder network that
compresses the input into a latent space representation, and

a decoder network that reconstructs the input from this
representation.

We introduce in the following the notation for a general
autoencoder i.
• Let I represent the input data, which is a vector
containing the measurements of the output and input of
the real system that we want to identify. We suppose
that the numbers of these two kinds of measurements
are equal, with this number being nI . This assumption
is reasonable considering a scenario in which output
measurements are collected by providing a system with
known inputs.

• Let Zi ∈ Rnz represent the latent space, or compressed,
representation obtained by the i-th autoencoder, where
Rnz represents the latent space with dimension nz,
in which Zi is included.

• Let Îi represent the reconstructed output data, produced
by the i-th autoencoder.

• Let fenc : R2nI → Rnz denote the encoder function of
the i-th autoencoder, that maps input data I to the latent
space representation Zi.

• Let fdec : Rnz → R2nI denote the decoder function
of the i-th autoencoder, which maps the latent space
representation Zi back to space Îi.

In general, an autoencoder is trained to make the recon-
structed output Îi as close as possible to the input I .

B. NOTATION FOR AN ENSEMBLE OF AUTOENCODERS
Let us consider an ensemble of N autoencoders, indexed by
i = 1, 2, . . . ,N . As presented above, for all autoencoders,
the encoder networks take the input data (e.g., time series
data representing system inputs or outputs) and map them to
lower-dimensional latent space representations, whereas the
decoder networks attempt to reconstruct the input data from
the compressed representations, that is,

Zi = fenc,i(I ), ∀i = 1, 2, . . . ,N , (3)

Îi = fdec,i(Zi), ∀i = 1, 2, . . . ,N . (4)

Given the representations of the individual autoencoders,
these can be combined as follows to achieve an ensemble
representation:

Zen =
1
N

N∑
i=1

Zi =
1
N

N∑
i=1

fenc,i(I ), (5)

Îen =
1
N

N∑
i=1

Îi =
1
N

N∑
i=1

fdec,i(Zi), (6)

where:
• Zen ∈ Rnz is the average latent representation over the
ensemble.

• Îen ∈ R2nI is the average reconstruction output data from
the ensemble.

As for individual autoencoders, the general objective of an
ensemble of autoencoders is to collectively minimize the
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FIGURE 1. Representation of an autoencoder extended with the
dynamics model.

reconstruction error, that is, to make Îen as close as possible
to I . Clearly, as highlighted in [18], different combinations
can be employed in ensemble functions beyond the average
operation. In this study, we use the average as a representative
example for system identification.

In the following section, we present how individual
autoencoders and ensembles of autoencoders can be exploited
for SI.

IV. DATA-DRIVEN SI FRAMEWORK
In this section, we present the structure of the dataset used to
identify the system model. Then, by building on [8], we show
how ML models based on autoencoders can be employed to
solve the problem of nonlinear SI in a data-driven manner,
using the measurements in the dataset. Finally, we extend the
results to an ensemble of ML models based on autoencoders.

A. INFORMATION EXTRACTION FROM RAW DATA
We assume that measurements of the input and output of
the system are available in dataset D, which is used as a
training set for autoencoders. Specifically, let us consider that
D contains nD measurements of the system output, that is,
yk , and nD measurements of the system input, that is, uk .
We have:

D = {(ykf , ukf ), (ykf−1, ukf−1), . . . .(yk0 , uk0 )}, (7)

where k0 is the time instant at which the first measurements
are taken and kf is the time instant of the last measurement.
We assume that two subsequent couples of measurements are
separated by a time interval T .

Given dataset D, we aim to identify the model of the
respective system, that is, to estimate the functions in (3)
and (4), in a data-driven manner. To this end, we organize D
in a series of time windows that are provided to the encoder as
input I . Each time window datum, called information vector
Ik , is composed of nI values related to the output and nI values
related to the input, indexed by time k , that is,

Ik = [yk , yk−1, . . . , yk−nI+1, uk , uk−1, . . . , uk−nI+1]
T . (8)

From Ik , we can extract the output vector Yk , which
contains nY measurements of the output of the real system,

with nY ≤ nI , that is,

Yk = [yk , yk−1, . . . , yk−nY+1]
T . (9)

B. AUTOENCODER-BASED MODEL AND TRAINING FOR SI
To estimate the unknown functions in (1) and (2), we consider
that each autoencoder-based model i is composed of the
modules in Fig. 1:
1) An encoder takes the information vector Ik at each time

step k , and derives a latent space representation of the
state.

2) A decoder that, at each time step k , reconstructs the out-
put vector Yk associated with the state representation at
each time step k .

3) A dynamics neural network, denoted by fdyn,i(·),
models the dynamics of the system in the latent space.

By following the approach in [8], we first adapt equa-
tions (3) and (4) of autoencoder i to the SI purposes as follows

x̂k,i = fenc,i(Ik−1), (10)

Ŷk,i = fdec,i(x̂k,i), (11)

with i ∈ {1, · · · ,N }, where the output of the encoder x̂k,i
gives a representation of the state xk of the system, obtained
based on the memory of past observations of inputs and
outputs from time step k−nI to k−1 contained in Ik−1, while
the output of the decoder provides the estimate of the system
outputs in the finite-time horizon, i.e., it estimates the vector
Yk . The equations (10) and (11) would define the classical
autoencoder as defined in (3) and (4), except for the fact that
the decoder in (11) reconstructs only the output of the system
to identify, thus neglecting its input.
Note that although the dimension of state nx is unknown, the
dimension of x̂k,i, denoted as nx̂ , is known. The choice of
its value should be a compromise between the existence of a
compact representation and that of capturing the complexities
of the system dynamics. This choice was studied as a
technique to regularize a neural network [31], [32], [33].
Regularization methods in the field of system identification
were considered in [8], [9], and [24].
As far as the dynamics modeling neural network fdyn,i(·)

is concerned, this aims to model the dynamics f (·). More
specifically, it predicts, for each time step k , the next latent
state of the system based on the latent space representation
x̂k,i, given by the encoder, and the known input uk , that is,
it holds that

x̂k+1,i = fdyn,i(x̂k,i, uk ). (12)

For each individual model, the autoencoder and the dynam-
ics modeling neural network are trained simultaneously.
This joint training allows the model to achieve a compact
representation of the system output while capturing system
dynamics. For each autoencoder-based model i, we aim to
solve the following optimization problem:

min
fenc,i,fdec,i,fdyn,i

nD+1∑
k=k0+nI

Li,k , (13)
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where Lk,i represents the overall loss function of model i at
time step k . This is chosen as a weighted combination of a
reconstruction loss Lrk,i, temporal consistency loss Ltk,i, and
decoder-dynamics loss Ldk,i, that is,

Lk,i = α · Lrk,i + β · Ltk,i + γ · Ldk,i, (14)

with α, β, and γ are the positive gains.
Regarding the loss terms, the reconstruction term, Lrk,i,

quantifies the difference between the actual and reconstructed
system outputs and is given by

Lrk,i = L(Yk , Ŷk,i)+ L(Yk+1, Ŷk+1,i), (15)

with L being a generic loss function, such as an L1 loss or a L2
loss [34]. Note that the second contribution using the future
outputs Yk+1 enhances the capacity of the autoencoder-based
model to accurately predict future behaviors. Regarding the
temporal consistency loss, Ltk,i, this evaluates the difference
between the latent state at time k + 1, that is, x̂k+1,i =
fenc,i(Ik ), and the respective state predicted by the dynamics
modeling neural network at time step k , that is, it holds
that

Ltk,i = L(fdyn,i(x̂k,i, uk ), x̂k+1,i). (16)

Finally, the decoder-dynamics loss Ldk,i measures the differ-
ence between the actual future outputs of the system and the
reconstructed output from the decoder using the predicted
behavior from the dynamics modeling neural network, that
is,

Ldk,i = L(Yk+1, fdec,i(fdyn,i(x̂k,i, uk ))). (17)

Note that the problem in (13) is a one-step ahead opti-
mization formulation, which might not capture long-term
dependencies in the data and result in low prediction
capabilities [8]. To improve these capabilities, a multi-step
ahead formulation with the Backpropagation Through Time
(BPTT) method should be included, in which the initial state
estimate is propagated through each step k of the dataset.
To reduce the computational complexity of this approach, the
Truncated BPTT (TBPTT) [35] method is integrated, which
achieves multi-step ahead prediction in an efficient manner
by propagating the state estimate in a limited number of steps
F ≪ nD, as detailed in [8]. Note that the case F = 1 leads to
the one-step ahead formulation in (13).

C. ENSEMBLE OF AUTOENCODER-BASED MODELS FOR SI
At this point, we present how an ensemble of N autoencoder-
based models can be leveraged for system identification.
More specifically, by considering the data inD, we adapt the
expression of the ensemble equations in (5)-(6) as follows:

x̂k,en =
N∑
i=1

wi fenc,i(Ik−1), (18)

Ŷk,en =
N∑
i=1

wi fdec,i(x̂k,i), (19)

where:
• x̂k,en is the estimate of the system state created by the
ensemble at time k by resorting to the information vector
Ik−1.

• Ŷk,en represents the output data at time k reconstructed
by the ensemble by resorting to the estimated state.

• wi is a positive weight associated with the model i.
To train the ensemble, we independently train the N
autoencoder-based models and then combine them as
reported above. This approach is commonly adopted,
as shown in [14] and [29].
However, for the ensemble to successfully solve the SI

problem, it is crucial that the representations given by
each component of the ensemble are sufficiently diverse,
as demonstrated in [22]. Intuitively, if we have low diver-
sity, the autoencoders become nearly identical, essentially
functioning as copies of one another. Hence, if the ensem-
ble consists solely of almost identical autoencoders, the
averaging operation in (18)-(19) yields the same result as
that obtained using a single autoencoder. Motivated by this
consideration, in this study, we propose a selection algorithm
aimed at identifying the most effective components within
the ensemble for use in (18)-(19). Indeed, a high number
of components N raises the risk of redundancy, and the
inclusion of similar or identical autoencoders in the ensemble.
To minimize this, N should be kept sufficiently small to
ensure diversity and to avoid the inclusion of duplicates. This
aspect is investigated in Section VI.
It is worth noting that in future work, the diversity aspect

could also be incorporated into the training phase to further
enhance the effectiveness of the ensemble. However, this was
beyond the scope of this study.

V. SELECTION ALGORITHM FOR ENSEMBLE
COMPONENTS
In this section, we present an Ensemble Component Selection
Algorithm (ECSA) that is designed to choose the most suit-
able ensemble components for SI. The resulting architecture
is depicted in Fig. 2. For the ECSA, we resort to a validation
set V that contains nV couples in the form (yk , uk ) where yk
and uk representmeasurements of the system output and input
at time k , respectively, i.e.,

V = {(ykf ,V , ukf ,V ), (ykf ,V+1, ukf ,V+1) . . . ., (yk0,V , uk0,V )},

(20)

where k0,V and kf ,V are the time instants related to the first
and last pairs of validation measurements, respectively. Two
subsequent couples are separated by the time interval T ,
which we assume to be the same as that of the training set
in (7). To introduce the selection algorithm, we first present
the Normalized Root Mean Square Accuracy (NRMSA)
metric to evaluate the performance of single autoencoder-
based models and the ensemble, and the correlation matrix
to evaluate the correlation between individual models.

Let us consider autoencoder i in an ensemble, with
i ∈ {1, · · · ,N }. For this autoencoder, the NRMSA is
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FIGURE 2. Graphic representation of the selection carried out by the Algorithm 1, from an ensemble of N autoencoders
to an ensemble of N ′ autoencoders.

computed as follows:

NRMSAi = 1−

√
1
nT

∑kf ,V
k=k0,V

(ŷk,i − yk )2

Ymax
(21)

where ŷk,i is the value of the output representation of the
autoencoder i for the time instant k , extracted from the
decoder in (11), yk is obtained from the validation set V ,
Ymax is the maximum of all the outputs yk in V , and nT is
the number of time instants in V . The formulation in (21)
implies that the closer the autoencoder’s output aligns with
the measurements in the test set, the closer the NRMSA value
approaches 1.

To calculate the NRMSA for the ensemble, denoted as
NRMSAen, the same formulation as in (21) is employed, with
ŷk,en used in place of ŷk,i. Regarding the correlation matrix,
given N models, this represents an N × N matrix where
the coefficient (i, j), denoted as cij, indicates the correlation
between models i and j and is computed as

cij =
1
nT

∑kf ,V
k=k0,V

(
ŷk,i − Ȳi

) (
ŷk,j − Ȳj

)√
1
nT

∑kf ,V
k=k0,V

(
ŷk,i − Ȳi

)2
·

√
1
nT

∑kf ,V
k=k0,V

(
ŷk,j − Ȳj

)2
(22)

where ŷk,i and ŷk,j are the outputs of decoders of i and j at
time instant k . The values Ȳi and Ȳj are the averages of Ŷk,i
and Ŷk,j over the validation set V . Therefore, each element
of the correlation matrix measures the similarity between
two autoencoders belonging to the ensemble. The formula

Algorithm 1 Ensemble Component Selection Algorithm
Input: N pretrained autoencoder-based models on

dataset D, validation set V , N ′ (number of the
selected autoencoders), weights ω, and ρ

Output: ensemble of N ′ models, weightsW
/* Phase 1: Initialization */

1 listen← {1, · · · ,N };
2 for i ∈ {1, · · · ,N } do
3 NRMSAi← Calculate NRMSA for model i;
4 end
5 corr ← Compute correlation matrix;
/* Phase 2: Score calculation */

6 listscores← {};
7 for i ∈ {1, · · · ,N } do
8 si← compute similarity for model i;
9 vi← ω ∗ NRMSAi − ρ ∗ si;
10 listScore← Add value scorei;
11 end
/* Phase 3: Selection */

12 listselected ← select the N ′ models with the highest
scores in istScore;

13 W ← create N ′ weights for the models in listselected ;

is based on the Pearson correlation coefficient [36], which
measures the dependency between two variables. In our case,
they consist of the output of two autoencoder-based models.
The coefficient ranges between −1 and 1, where the values
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1 and −1 indicate linear dependency between the outputs of
the models, while the value 0 denotes no linear correlation.
In our framework, we want to privilege autoencoders that are
as different as possible with respect to other autoencoders.

At this point, we can introduce the ensemble component
selection algorithm, which exploits the NRMSA metrics and
correlation values to select the components of the ensemble
to improve the overall performance of the ensemble (in terms
of NRMSA).

The algorithm takes as inputs the validation set V , N
pretrained autoencoder-based models, the number N ′ of
autoencoders that we intend to select, and two positive
weights ω and ρ, and it outputs a subset of N ′ selected
models, as well as a weight vector W used to compute the
output of the new ensemble, as in (19).
In the initialization phase, we introduce the set listen

collecting the indices of the considered autoencoder-based
models in the ensemble (line 1) and set it equal to {1, . . . ,N }
(line 2). Next, we compute the NRMSA values for all
individual models (lines 2-4) and theN×N correlationmatrix
corr (line 5).

After the initialization is completed, we proceed to
calculate, for each autoencoder, the score on which our
selection is based, and we collect the resulting values in a
set denoted as listscore (line 7-11). The score value vi of
an autoencoder-based model i is obtained as the weighted
sum of two terms (line 9): a performance term, given by
the NRMSA metric, and a similarity term. The similarity
term is calculated as the mean of the correlation values
between the model i and the other models in the ensemble,
i.e., si = 1

|listen|−1

∑
j∈listen,j̸=i cij. Therefore, the similarity si

quantifies the extent to whichmodel i aligns with the others in
terms of output representations. If this similarity is relatively
small across the models in the ensemble, this suggests a high
degree of diversity within the ensemble. According to [22]
and [37], such diversity enhances the overall performance of
the ensemble.

The choice of the weighted sum for the score value is
motivated by the fact that it balances the selection of models
based on performance and promotes diversity by favoring
lower similarity within the ensemble. Next, we select the N ′

models with the highest scores and collect them in the set
listselected (line 12). Based on the models in the listselected ,
the output of the new ensemble is obtained as the weighted
average of the N ′ models’ decoders, as in (19), where each
weight wi is obtained as

wi =
1∑

j∈listselected vj
vi. (23)

Finally, the weights are stored in the vectorW (line 16).

VI. NUMERICAL COMPARATIVE VALIDATION
In this section, we present the numerical simulations related
to the identification of a nonlinear two-tank system and to the
identification of the Hammerstein–Wiener system.

A. VALIDATION SETTING
As highlighted in [8], it is beneficial not only to search for
the nonlinear representation (as in (1)) of a system but also
to consider a quasi-Linear Parameter-Varying (quasi-LPV or
qLPV) form. This representation is particularly suitable for
Model Predictive Control (MPC) because it allows for a more
tractable linear approximation for control design and analy-
sis.We used this form to compare our results with those of [8].

The quasi-LPV form for a general system is given by:
xk+1 = A(xk , uk )

[
xkT 1

]T
+ B(xk , uk )uk ,

yk = C(xk , uk )
[
xkT 1

]T
,

(24)

whereA,B, andC are thematrices output by a fully connected
neural network. We refer to the models in (1) and (2) as the
Nonlinear State Space (NSS) model.

We now first introduce the two-tank system S used as a
benchmark for testing our framework:

S =


xk+1,1 = xk,1 − k1

√
xk,1 + k2uk ,

xk+1,2 = xk,2 + k3
√
xk,1 − k4

√
xk,2,

yk = xk,2,

(25)

where xk,1 and xk,2 represent the fluid levels in the first and
second tanks at time step k , respectively, uk is the input
flow rate into the first tank at time step k , yk is the system
output at time step k , equal to the level in the second tank;
and k1, k2, k3, and k4 are system parameters related to
the flow rates between the tanks and outflows. The system
presents challenges related to its different behaviors, because
it exhibits a slow dynamics when the tanks are nearly empty
and a fast dynamics when the tanks are nearly full. This forces
an identificationmethod to be adaptable to different operating
regimes. Identifying S is a typical benchmark in nonlinear
system identification [38] and is presented in [8]. We set
k1 = 0.5, k2 = 0.4, k3 = 0.2, and k4 = 0.3.
The second benchmark that we considered is the

Hammerstein–Wiener system. Its mathematical model is the
following:

H =



xk+1,1 = 0.7555 xk,1 + 0.25 xk,2 − 0.5 vk ,
xk+1,2 = −0.1991 xk,1,

vk =

{
√
uk if uk > 0

uk otherwise

rk = 0.6993 xk,1 − 0.4427 xk,2
yk = rk + 5 sin(rk ),

(26)

where uk is the input, which passes through a nonlinear
function, generating the signal vk . This signal affects the
dynamics of the two components of the state xk,1 and xk,2.
The state components xk,1 and xk,2 are then linearly combined
to obtain the signal rk , which is passed through a nonlinearity
to generate the output yk . The Hammerstein–Wiener system
is basically composed of a linear block preceded by a
nonlinearity that affects the input, and followed by a nonlinear
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transformation at the output. The identification of this system
can be useful to prove the effectiveness of our approach for all
the real-world problems where a linear system is influenced
by nonlinear sensors and actuators.

In the following, we present the test setup for both the S
and H models.
For each benchmark, we used three types of input signals

uk :

1) Noise [G]: Gaussian noise with a mean and standard
deviation equal to 1 was considered. Specifically, every
five steps, we generated a value with a Gaussian
distribution and kept it constant for the subsequent
steps. We denote this signal by G in the following.

2) Multiharmonic [Mh]: A sinusoidal signal with the
following form was used, uk = 0.5 sin

(
k

20+0.01 k

)
+

0.5. Hereafter, we refer to this signal asMh.
3) Beta [B]: The Beta distribution, parameterized by the

two coefficients δ and ϵ, is often used in Bayesian
modeling and Monte Carlo simulations. We selected
δ = 2 and ϵ = 5. For a formal definition of the beta
distribution, the reader is referred to [39]. This signal
is denoted B.

We generated the datasets by establishing the initial condi-
tions for xk,1 and xk,2 and using (25) and (26) to evolve the
systems S and H , respectively, given the above inputs. This
formed datasets of pairs (yk , uk ), which we used to create the
training, validation, and test sets. For each benchmark S and
H , regarding the training sets, we created the set DG starting
from a G signal and Dh from an Mh signal. Both sets con-
tained 20000 samples. For the validation sets, we considered
1000 sample sets VG, from a G signal, and Vh, from an Mh
signal. For the test sets, we considered 1000 pairs with G and
Mh inputs, respectively for TG and Th. Moreover, we consid-
ered the test set Tb with 1000 pairs from the B signal.

In both the training and test sets, we normalized the
signals composing the datasets by subtracting the respective
mean and then dividing by the respective standard deviation.
Additionally, we introduced further Gaussian noise to the
pairs (yk , uk ), generated with zero mean and standard
deviation equal to 0.02, to simulate the measurement noise.

With regard to the hyperparameters of the neural networks,
these were experimentally set as follows. The information
vector Ik dimension was set to nI = 10 and the state
representation dimension was nx̂ = 6. The neural networks
for the encoder, decoder, and dynamic modeling function
had four layers, with the first three layers having 30 neurons
each. The encoder’s last layer had nx̂ units, and the decoder’s
last layer had nY , where nY is set to 2. The last layer of
the dynamics model had nx̂ units. Additionally, in the quasi-
LPV case, a further layer was included in this network to
estimate A and B. For loss function (14), we used α = 10,
β = 0.3, γ = 0 for the initial five epochs, focusing on
input vector reconstruction, and α = 0, β = 10, γ = 1 for
the consecutive five epochs, focusing on system behavior and
temporal consistency.

We analyzed both NSS and quasi-LPV systems and trained
the autoencoder-based models in two ways: TBPTT with
F = 1 and F = 4, totaling four different configurations.
For the ensemble, we considered N = 10 autoencoder-based
models composing the ensemble and applied Algorithm 1 to
select theN ′ = 8with a better score, to discard only the worse
autoencoders while maintaining the vast majority of them.
The scores were computed choosing ω = 1 and ρ = 0.5,
then privileging more the performance and less the diversity,
which is anyway not negligible and contributes to selecting
the best autoencoders. For each configuration, we trained
ten ensembles by initializing the weights of the models with
different values.

It is important to note that we used the same values of [8]
for the parameters of the two-tank system, the formation of
the dataset, the autoencoder’s architecture, and the training
hyperparameters, in order to have a fair comparison.

Regarding the computational aspects, the training phase
of each autoencoder required an average of 7 s per epoch
on a PC with an Intel Core i9-11900KF CPU and NVIDIA
GeForce RTX 3090 Ti GPU, for both the two-tank and the
Hammerstein-Wiener systems. Considering a total of ten
epochs, the total training time for each autoencoder was about
70 s. Clearly, the training time for the ensemble scales linearly
with the number of autoencoders. However, the training
of single autoencoders can be parallelized, considerably
reducing the total training time. Similarly, the inference time
also scales linearly with the number of ensemble components.
On average, an inference time of 0.003 s per autoencoder
was recorded, which, also in view of the potential for
parallelization, shows the practical feasibility of deploying
the proposed models. Regarding the ECSA, its processing
time was on average equal to 0.03 s. The majority of the
algorithm’s running time was dedicated to the evaluation of
the performance of the single autoencoders and their diversity
with respect to the other autoencoders. These computational
results further support the applicability of the proposed
approach.

B. NUMERICAL RESULTS
We now present the comparison between the following meth-
ods: single autoencoder-based model, as in [8], an ensemble
of N models with wi = 1/N for each model i, and selected
ensemble according to ECSA in Algorithm 1.

Table 1 reports the comparative results on the identification
of the two-tank system S, whereas Table 2 shows the results
on the Hammerstein–Wiener system H . Both tables were
obtained using as training test DG and TG as test set,
as in [8]. For the validation set necessary for Algorithm 1,
we used the Vh generated with the Mh signal. We chose
to use another signal for the validation set to select the
autoencoders that can generalize better to a set different than
the training one. We ran 10 experiments for each system
with this configuration, and the results were averaged over
these experiments. In particular, the tables show the results,
expressed in terms of NRMSA metric, obtained by the
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TABLE 1. Values of the NRMSA metric for different identification methods
on different systems (i.e., NSS and qLPV) for the two-tank system S.
Results with F = 1 and F = 4 in TBPTT method are also shown. The signal
G signal is employed to generate both the train and the test sets.

TABLE 2. Values of the NRMSA metric for different identification
methods on different systems (i.e., NSS and qLPV) for the
Hammerstein–Wiener system H . Results with F = 1 and F = 4 in TBPTT
method are also shown. The signal G signal is employed to generate both
the train and the test sets.

average individual model (top part), by the ensemble of N =
10 models (middle part), and the ensemble of N ′ = 8 models
resulting from ECSA (lower part). The results are grouped for
different systems (i.e., NSS and qLPV) and different TBPTT
F values (where the notation ∗/F is used).

In Table 1, the results show that the ensemble slightly
outperforms the best single autoencoder across all config-
urations. The performance of both the ensemble with N
models and the ensemble with ECSA is similar to the
single autoencoder due to the low diversity between the
autoencoders, which reduces the strength of the ensemble
operation. Moreover, the table shows the effectiveness of
multi-step ahead optimization (i.e., F > 1) compared to one-
step ahead prediction (i.e., F = 1). Indeed, higher results for
the NRMSA metric are achieved with F = 4 compared to
F = 1.

From Table 2, we can see that the ensemble consistently
outperforms the single model for all the configurations.
Regarding the comparison between the ensemble with all the
N = 10 autoencoders and the ensemble of N ′ = 8 autoen-
coders selected by the ECSA, the last one showed better
results across all the different configurations, demonstrating
the effectiveness of the proposed selection method.

While the results in Table 1 and Table 2 reflect the
scenario where the training and test sets are generated from
the same signal, we additionally tested a more challenging
identification problem on the system S, and considered the
case where the training and test sets were obtained with
different input distributions. In particular, Table 3 presents the
results obtained using Dh (Mh signal) as training set, VG (G
signal) as validation set, and TG (G signal), Th (Mh signal),
and TB (B signal) as test sets. Again, we ran 10 experiments,
and we averaged over these experiments. In this case, the
system analyzed was an NSS with F = 1 for the TBPTT
method. We chose this configuration because this represents
the worst-case scenario for the performance according to the
results in Table 1.
We can observe that, especially for the test sets obtained

with distributions different from the training one, i.e., for TG
and TB, the entire ensemble and the one selected according
to Algorithm 1 achieve significantly better performance than
the single model, with lower standard deviation, demon-
strating the stability of the ensemble approach and of the
proposed ECSA. The improvement on unseen distributions
shows higher generalization capabilities of the proposed
ensemble model with respect to the single autoencoders.
As shown in [22] and [37], this is thanks to the diversity
of the models, which allows to reduce the generalization
error.

We now graphically show the outputs produced by the pro-
posed method compared to ground truth data. The test setup
was the same that originated Table 3. The ensemble tested
was composed by autoencoders modeled as a Nonlinear
State Space (NSS) system, with F = 1 for the TBPTT
method. The training of the ensemble was conducted using
Dh set (generated with a multi-harmonic signal) as training
set, VG (Gaussian signal) as validation set, and TG (Gaussian
signal), Th (multi-harmonic signal), and TB (Beta signal) as
test sets. Fig. 3 shows the direct comparisons (left figures)
of the output of the ensemble of autoencoders selected by
the ECSA (in blue) and the output of the real two-tank
system (in orange). Three different input signals from the
three test sets were considered as reported in the right
figures (Gaussian, multi-harmonic, and beta inputs from top
to down, respectively). The results indicate that the ensemble
is capable of generalizing beyond the training set, with
varying degrees of accuracy depending on the similarity
between the test and training data. Specifically, for the
Gaussian input (Fig. 3.a), the predicted output follows the
true output quite closely except at the peaks. For the multi-
harmonic input (Fig. 3.c), which matches the type of signal
used during training, the predictions are highly accurate,
whereas performance is lower for the beta input (Fig. 3.e).
These observations are further supported by Table 1, which
reports the mean and standard deviation of the real and
predicted outputs for each input type. The results show that
the ensemble approximates the real system in terms of both
average values and variability, with performance varying
across the different test sets.
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FIGURE 3. Open loop comparison between the output Y of the real two-tank system, the ensemble output Ŷen (figures on the left), and the
real system input U (figures on the right) for three different distributions: Gaussian (Figs. (a) and (b)), Multi-harmonic (Figs. (c) and (d)), and
Beta (Figs. (e) and (f)).

C. ENSEMBLE RESULTS WITH VARYING NUMBER OF
COMPONENTS
We now focus on evaluating the general performance of the
ensemble paradigm for SI by employing different numbers
of components N , without using the ECSA in Algorithm 1.
The comparison was based on their scores on the NRMSA
metric. The autoencoder-based models were trained using the
parameters presented before.

For this analysis, we considered the system S, we trained
10 distinct ensembles, each composed of N = 10

autoencoder-based models. Subsequently, to create ensem-
bles with fewer models (N < 10), we selected the N
best-performing models from each original ensemble with
10 models. For each ensemble, we evaluated the NRMSA
performance on the two test sets.

The mean and standard deviation of the NRMSA values
for different sizes are shown in Fig. 4. We can observe
that for low values of N , increasing the ensemble size
generally improves the performance, as we add relatively
good autoencoders and enhance the ensemble’s diversity,
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FIGURE 4. Comparison of ensembles with a different number of
components based on their NRMSA value.

TABLE 3. Values of the NRMSA metric for different test sets with the NSS
two-tank system and F = 1 for the TBPTT method, using the training set
with Mh signal.

TABLE 4. Statistical comparison between the real system and the
Ensemble ECSA for different test sets.

which, as explained by [22], can be beneficial for the
overall effectiveness of the ensemble. However, for higher
values ofN , we include lower-performing autoencoder-based
models (according to our grouping approach), which, despite
increasing diversity, may ultimately reduce the ensemble’s
overall performance and increase its variance. It is important
to note that this plot was influenced by the ensemble selection
process, where we considered the best models to be grouped
first. Clearly, a different approach, such as random selection,
would yield a different plot. However, we believe that starting
with the best models is a natural choice when determining the
ensemble size for our system identification task.

VII. CONCLUSION
In this study, an ensemble learning system identification
framework was proposed. To this end, we resorted to
autoencoder-based models adapted for system identification
and extended them to ensemble settings. Additionally,
we introduced ECSA, an algorithm capable of selecting a
subset of the autoencoder-based models in order to maximize
the system’s diversity and NRMSA performance metrics.
We demonstrated the effectiveness of the ensemble approach
on two well-known benchmarks, which are the identification
of a two-tank system and of the Hammerstein-Wiener
system. We then showed that the ensemble method generally
outperforms the individual models.

In future studies, we will validate the approach on real
data collected from a physical system in a laboratory setting
or industrial scenario, investigating robustness against mea-
surement noise and hardware nonlinearities.Moreover, future
work will focus on leveraging the availability of multiple
autoencoder-based models at training time to improve the
ensemble performance and to design control algorithms
leveraging the learned system model.
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